The spectrum and eigenstates of Bardeen-Cooper-Schrieffer's reduced Hamiltonian in the theory of superconductivity are investigated in a mathematically rigorous manner. The Hamiltonian is defined first for a finite number of electrons contained in a finite volume. The interaction Hamiltonian is assumed to take a simple form. The Hamiltonian after the Bogoliubov transformation (transformed Hamiltonian) has a limit in the weak topology of Hilbert space when the volume tends to infinity with the number density of electrons kept constant. In the limit the interaction part vanishes and the free part gives a continuous excitation spectrum of Bogolons (transformed electrons). It should be noticed that the operator norm of the former does not tend to zero and has no strong limit as well as the total Hamiltonian. An equivalent boson which consists of two Bogolons with opposite momenta and spins is introduced. In the Fock space for the bosons the Hamiltonian has a strong limit for infinite volume. The limit operator has the same excitation spectrum of Bogolons as the free Hamiltonian and the existence of the lower limit of the spectrum is shown for some special class of the interactions. For large volume the limit operator is a good approximation to the transformed Hamiltonian. The ground state of . the free part of the transformed Hamiltonian (i.e. the ground state of Bardeen-Cooper-Schrieffer's calculation) is not the exact eigenstate of the transformed total Hamiltonian and the difference does not vanish when the volume tends to infinity. § l. Introduction
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lation of the quantum field theory. They seem, however, to present approximate calculations or conjectures and in this paper we shall investigate the problem in a mathematically rigorous manner.
In § 2 two Hilbert spaces [)p and ·PF for fermion fields and one Hilbert space Sjn for boson field are defined and the theorems for the regular and continuous perturbations 12 )'
13 l are described for later uses. In ~ 3 we define the reduced Hamiltonian in L)p with a simplified form. This is considered first as an operator defined in a cubic volume V of the coordinate space. Although this Hamiltonian is well defined with discrete spectrum, the spectrum is perturbed irregularly from that of the free Hamiltonian and to see the important properties of the spectrum it is usual to apply to it the Bogoliubov transformation given in § 3 . In § 4 we investigate the transformed Hamiltonian, which is considered as the operator in S:jF. · The free part of the transformed Hamiltonian gives the total energy of free Bogolons ·and is well defined in the limit V->oo as well as for finite V. The·· spectrum of the total I-Iamiltonian for finite Vis of course unaltered by the Bogoliubov transformation. The spectrmn is perturbed from that of the free part in the new representation owing to the residual , interaction part. It is usually· supposed and will be shown in this paper that the systematic property of the Bogolon excitation spectrum is more recognizable for larger V and that it takes a clear feature in the limit V-->oo, where the number density of the electrons is kept constant. w·e consider the limit of the transformed Hamiltonian as V-->oo in ~F· In the weak topology of Hilbert space the interaction part vanishes and the free part gives a continuous excitation spectrum of Bogolons for V -> oo. On the contrary we shall see that the operator norm of the interaction part does not tend to z:ero and that it has no strong limit as V ~ oo. The total Hamiltonian, therefore, has no strong limit and its spectrum and eigenstates may not be specified well for large or infmite V. To determine these we consider the transformed Hamiltonian in a certain subspace of ~F which reduces the op~rator and connect this to S:'dn introduced in § 2. In § 5 it will be seen that the strong limit of the transformed Hamiltonian exists in S:'dn as V ~ oo and that the limit operator has the excitation spectrum of Bogolons of the same form as its free part and, n1oreover, it will be shown that for some special class of the interactions the spectrum has a lower limit. It will also be shown that for large V the limit Hamiltonian is a good approximation to the transformed Hamiltonian and the ground state of the free part of the transformed Hamiltonian, that is, the ground state in Bardeen-Cooper-Schrieffer's calculation, is not the exact eigenstate of the transformed total Hamiltonian and the difference is not negligible for V--> oo. Two We define the Hilbert spaces and operators 15 ) ' 16 ) which will be used in the following sections.
1) Hilbert spaces for fennion fields
We consider a couple of field operators as(x) (s= 1, 2) and their adjoints a.,* (x) which satisfy the anti-commutation relations
where
dx and f(x) and g (x) are square integrable functions in the 3-dimensional space {xi; -oo<xi< + oo, i=l, 2, 3}, and with P mn {cppq (x)pq} = {0, · · ·, 0, rPmn (x)mm 0, · · ·} =c/Jmn 
where V is a cubic box with its center at the ongm {xi= 0 ; i = 1, 2, 3} and
For finite V we take the occupation number representation, introducing a new set of operators by means of the Fourier expansion:
where the vector k takes only discrete values {k1,2,s = (2n/1 7113 ) JZ1,2,3; n1,2,s = 0, These operators are connected to the operators as (k, V) and as* (k, V) through a certain relations as will be given in ~ 3. A complete orthonormal set in ~F(V) is given by the set of elements of the form rn 
The set of elements {E[B * (fhi) <Po ; M = 0, 1, 2, .. ·} constitutes a complete set of [ 
3) Projection operators in the occupation number representation
We define a projection operator 0 ( V) (or simply Q) in s:;> n ( V) and another 
Proof. We prove only the first equation. The second can be proved analogously.
Since both P(V) and Q (V) are bounded operators and reduce the particle number n, it is sufficient to show the convergence
where ?J!n(x)n is considered as the finite linear combination of Hermite functions of 3n variables which constitutes a dense set in Pn,fdB. Take the representation in the momentum space:
where ki (i = 1, .. ·, n) takes only the discrete values given in ~ 2-1). Define step functions in the 3n-dimensional (ph · · ·, Pn) space :
where ki is the nearest point of pi (i = 1, · .. , n). Let iJfn (p)n be the Fourier transform of lfln (x)n. Then evidently
for any domain D in the (ph ···, Pn) space. Now we get
and according to the definition of the projection operator Q (V) the measure of the integration domain G in the right-hand side vanishes as V -7 oo, hence
4) Regular and continuous f>erturbation
Finally we present lemmata concerning the regular and continuous perturbation of the self-adjoint operator, whieh are used in the following seetions. 
=D(Ho)
. 
where E<n> (l) and E(l) are spectral families of A <n> and A, respectively. Throughout this paper, we are concerned with Bardeen-Cooper-Schrieffer's model of superconductivity and consider the so-called reduced Hamiltonian. \Vhen the system is contained in a box with volume V, the Hamiltonian is given by
where we take units so that the mass of electron is equal to 1 and h = 1. Introducing the chemical potential !l and putting
are bounded self-adjoint operators in f)F(V) introduced in ~ 2 and expressible in the momentum representation as follows :
• ,k
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In this and the following sections we take the simple interaction
with positive numbers r, c1 and c2.
Now we consider the canonical transformation which connects asl and ask to ast. and ask introduced in the preceding section and is given by means of real parameters u" and v"' as follows:
with ~ After the Bogoliubov transformation, which is a special one of Eqs. (3 · 7), we get 
and r5 IS the positive root of the equation 
The strong limit of U (V) as V--+ oo does not exist and the weak limit vanishes.
As to the detailed discussion on the representation of the canonical commutation relations for infinite V, see, for example, reference 11). § 4. 
where In such a case we should be careful to discuss the property of the Hamiltonian by means of its weak limit, since the limit does not always determine the correct limits for spectrum and eigenvectors. In the next section we investigate the problem for the present model and see that the calculation in the strong topology yields appropriate results. § 5 
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Then we get two lemmata. 
) (f) and h(V, A) (f)= T(V, A) (f).
Proof~ The statement follows from the fact that B,.. The correspondence IS V-dependent since the definition connects only the subspaces of ~F and ~B· Thus we should write ~P as ~F<v) with suffix V to note that ~F<v> corresponding to P(V) ~n is different each other for different V although the structure of ~P<v> is identical to ~F defined in § 2. It should be remarked that we cannot choose any ~P<oo> which is equal to ~F<v) for all V.
If it were possible, then Eq. (5 · 4) would be valid for the fixed element ?Jf, which would be just an element of the fixed ~F(oo), and the strong limit of the Hamiltonian would exist in ~F(oo) as V ----7 oo. This contradicts Theorem 4.2.
To determine the spectrum of T)., for A= 1, we need some preparations.
Lem,ma 5.8 Since t>-reduces the boson number, we know the spectrum of t>-if we examine it in Pn~B(n=O, 1, 2, ... ).
R=-{-B*(g) +B(h)} {-B(g) +B*(h)} = -{B*(g)B(g) +B*(h)B(h)} +B*(g)B*(h) +B(g)B(h)-(h, h)

=:R:-(h, h).
Lem,ma 5.4 . Spectrum of t>-(A: real) as a self-adjoint operator in P1SjB is as follows:
1 
Since this is the perturbation of rank (dimension) two to the operator to, we get 1) .
)
The characteristic equation 
., (l), and t~., = ~ t~., <n>. The discrete spectrum of t~., exists as E= n 1 E1 + n2E2 (nh n2 = 0, 1, 2, · · ·). t;., for l. = (n = 0, 1, 2, · · ·), where the first term is the same as the spectrum of T 0 , and e (!) is a real function of a certain variable l, range of e (l) may consist of discrete and/or continuous set and has lower bound. In a special case, under the condition (5 · 5), T"" has the same properties for I A I <Ac with }\c>l. Proof 1, 2, ... ) , where e(l) has the same property as in the preceding theorems except that it is not necessarily bounded below. Proof. We proceed in an analogous way as in Theorem 5.1 and omit the details.
Lastly we get by virtue of Lemmata 2.3 and 5.6 Theorem 5. 4 . The spectrum and spectral family of T(V, A) or T< 1 ) (V, },) tend to those of T"" as V --7 oo (A : real) . § 6. Concluding remarks approximation of spectrum and eigenstates for large V. We regret that the existence of the lower bound of the spectrum is not proved except for some special interactions. We should note further that even for the above special cases it is not determined whether the discrete spectrum exists or not. Thus the problems are left unsettled. We get, however, the certain result concerning on the spectrum of the total Hamiltonian : It contains the same excitation spectrum of Bogolons as the free par~ of the Hamil toni an. W ada, Takano and Fukuda 6 l calculated the lower part of the spectrum of the same Hamiltonian by means of the strong coupling approximation and verified Bardeen-CooperSchrieffer's gap of the spectrum in the asymptotic expansion in 1/f(f: coupling constant given in ~ 3). Their result seems to be in a qualitative agreement with ours. \Ve see further that the eigenstates are different between the total and free Hamiltonian: The ground state of the free Hamiltonian, for example, is not the eigenstate of the total Hamiltonian. The difference of the order f exists and does not vanish for infinite V, since the interaction part of the transformed Hamiltonian is not zero for infinite V. We see the difference, for example, from the formal perturbational calculation of the first order as to the interaction part in s:_,n. Thus we see that Bardeen-Cooper-Schrieffer's variational method gives approximate eigentates.
The strong limit of the total Hamiltonian does not exist in s:?F for infinite V. This implies that the interaction Hamiltonian is not neglible although its weak limit vanishes as v~oo. \Ve should notice this fact when, for example, we apply the Bogoliubov transformation with V~oo in the quantum field theory and discuss spectra of operators in various inequivalent representations of canonical commutation relations.
In our case we have considered two representations of the canonical commutation relations of two fermion fields in I1F and s:?F· The two representations are shown not to be unitarily equivalent. The relation, however, is fixed by means of the Bogoliubov transformation for every finite V. Although the total
Hamil toni an is not defined in s:? P as V -> oo, it is defined in s:_, B and gives the spectrum of the reduced Hamiltonian for large V. We may say, therefore, from the mathematically rigorous consideration in the present paper that the Bogoliubov transformation is properly chosen among various canonical transformations as far as the reduced Hamiltonian is concerned. It seems to be difficult, however, to choose an appropriate transformation in order to discuss rigorously the more general Hamiltonian in the theory of superconductivity.
